Abstract -A method for the analysis of 2-D lumped element filter networks is presented. The method is based on the general telegrapher's equations of multi-wire transmission lines. In the discussion of multi-wire line, it supports multi-mode propagations. A 2-D lumped element network is equivalent to a set of sub-networks that are combiner at the input and output.
I. INTRODUCTION
The problem of multi-mode propagation in a 2-D network was introduced in [1] as a method of interpreting the origination of negative refraction. The method of analysis is based on the discussion of wave propagation in multi-wire line that is presented in [2] . First, a 2-D lumped element network is derived from the multi-wire line structure and it is shown that it supports multi-mode of propagations [3] . Then method of analysis is given for 2D networks with N by M nodes and it is shown that the network is equivalent to a combination of N sub-networks. Each of the sub-networks is a M degree lowpass network that supports a single mode of propagation. While these single modes are independent of each other, they are combined at the input and output by 2-N port combiners. Finally, the method of analysis is applied to waffle-iron filters as discussed in [4] and [5] and is verified by its EM simulations ..
It is thus shown that for a general non-uniform 2D structure that can be modelled by a lumped element network, there are always multiple mode of propagation. Single mode of propagation used in much of the discussion of metamaterial occurs only with a specific arrangement of input voltages or when the inductance matrix is the inverse of the capacitance matrix.
II. MULTIMODE PROPAGATIONS
The method of analysis for 2-D filters begins with the discussion of multi-mode propagation in N-wire line as introduced in [2] .
A. The analysis of N-wire line structure A transverse field component E(z-vt) satisfies the wave equation everywhere in the transverse plane even after the introduction of the loss less N+ I-wire line structure shown in Fig. I . Fig. 1 .
Illustration of the N-wire line with coupling capacitance.
Assuming there is a ground conductor then the voltages on each of the remaining N wires can be calculated from a line integral along any path to each of the conductors producing a unique set of voltages Vr for r=1 to n. Since the E field has the solution E(z-vt) everywhere in the cross sectional plane then each voltage has the same argument and hence the voltage column vector is [V(z-vt)]. Let the current flow on each conductor be described by the vector [I] . The loss of charge on the wires over an incremental length dz is given in (la) where [C] is the capacitance matrix with the necessary and sufficient conditions on realisability being that [C] is hyperdominant i.e. all off diagonal terms are negative and the sum of all rows and columns are non-negative. In the limit, (la) is equivalent to (lb).
Using the definition of current, (lb) is equivalent to the differential equation in (2a) which gives the loss of current along the lines. A new matrix which can be called an inductance matrix [3] which is defined with respect to loss of voltage along the lines as in (2b).
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Eliminating [I] and [V] in (2a) and (2b), we obtain (3) since [V] and [I] have the argument (z-vt).
[
Assuming there is a single mode of propagation in the N wire line metamaterial, (3) is expressed in (4a). For a solution we have (4b).
(4a) (4b)
We can now define characteristic impedance and admittance matrices as in (5) .
For propagation along the z axis of the form e' " then we have (6). (6) In general the propagation constants are the eigenvalues of the equation as in (7a) and (7b).
Thus for a single mode of propagation, {Z}={yf apart from a scalar multiplier. In general this is not the case and F is a complex multi-valued function with N solutions for all connected by branch points of the square root variety. The modes must all exist simultaneously with N positive solutions representing forward waves and N negative solutions representing waves travelling in the opposite direction.
B. 3'd order network analysis
Consider the simplest structure where the transverse network is an array of three capacitors to ground with coupling constrained to adjacent capacitors. And the series elements form an array of coupled inductors as in Fig.2 . The network in has 3 nodes in the transversal plane and infinity sections cascading along the z direction. The vertical capacitances C y represent the couplings to ground. The horizontal capacitances Cx represent the couplings between adjacent nodes. The inductance along z direction represents self inductance of the wire. The admittance and impedance matrices of a basic section are given in (8) and (9).
(8) 
./6
For sinusoidal wave, the eigenvectors represent the input voltage at the three nodes which will excite the eigenmode with corresponding eigenvalues. The first eigenvector represents equal voltages at the three input nodes. This case is equivalent to an even mode excitation, so that a even mode analysis can be applied as shown in Fig. 3a providing the equivalent circuit with propagation constant of ±2p. The second eigenvector represents a zero voltage at the second node and the equivalent circuit is shown in Fig. 3b . The propagation constant of this mode is ±2p. For the third eigenvector, as in Fig. 3c , the voltage across C y is Vo and the voltage across Cx is 3Vo which provides an equivalent capacitance of 3C,. As a result, the propagation constant is ±-lOp.
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Equivalent circuit model 3 nodes network with the excitation to three modes.
III. WAFFLE-IRON FILTER
Waffle-iron was invented by S.B. Cohn in 1950s [4] and developed by Leo Young in 1960s [5] . It is a waveguide lowpass filter which has a wide stop band. Due to the effect of cut-off frequency of waveguide, the filter exhibits a bandpass characteristic. The design is developed from ridged waveguide filter and has the advantage of little spurious mode in the stop band.
The circuit model of waffle-iron filter is shown in Fig.4a . It consists of bandpass resonators similar to those of comb line filters that extend in 2 dimensional. It has N resonators along x-axis connected by inductance Lx and has M blocks along z axis connected by inductance When the input voltage is the same as a set of eigenvector, there should be only one corresponding mode propagating in the network. The S 2 ! of these five modes are compared in Fig.5 . Each of these five modes has a passband and a different center frequency.
An EM model of a waffle iron filter with five section in the transversal plane and ten sections in the longitudinal plane is simulated in HFSS. There are five propagating mode in this structure. The transfer functions of the first and fifth mode are shown as green lines in figures below. As the five propagating modes have little interaction with each other, the response of the EM simulation is quite similar to that of a circuit model. 
VII. CONCLUSION
In this paper, method of analysis is given for the multi-mode propagation in multi-wire lines. 2-D network consisting of lumped elements are studied which shows that this kind of network supports multi-mode of propagation. Waffle-iron filters are examples of these 2-D networks and simulations results are given and compared with circuit analysis.
